We demonstrate the efficient sorter of Bessel beams separating both the azimuthal and radial components. This is based upon the recently reported transformation of angular to transverse momentum states. We separately identify over forty azimuthal and radial components, with a radial spacing of 1588 m −1 , and outline how the device could be used to identify the two spatial dimensions simultaneously.
Introduction
Numerous studies have been dedicated to optical fields that carry orbital angular momentum (OAM), where each field has an azimuthal angular dependence of exp(ilθ) [1] [2] [3] [4] where l is the azimuthal index and θ is the azimuthal angle. The fact that these fields offer an unbounded state space has made them advantageous for increasing the amount of information that can be encoded onto a single-photon [5] [6] [7] [8] [9] [10] [11] . In particular, higher-order Bessel beams are interesting as OAM-carriers as these fields propagate while maintaining their cross-sectional form over a finite distance [12] [13] [14] [15] and reconstruct after encountering an obstacle [16] [17] [18] . Recently, entanglement in the Bessel basis has been measured, showing an increased spiral bandwidth [19] . Exploiting these properties of Bessel beams may make them useful in the field of long-range, broad-bandwidth communication systems. However, in order for these fields to be a success in the area of optical communication, efficient techniques for extracting the information they carry need to be demonstrated.
A diffraction grating containing a fork discontinuity can be used to couple light of a particular OAM state into a single-mode fibre [5] , but this measurement approach requires that one must test for the chosen range of states sequentially. Attempts to develop more complicated holograms that test multiple states have been made [20, 21] , however their efficiency is inversely proportional to the number of states being sampled. An alternative setup that does not alter the OAM state during the measurement procedure is a Mach-Zehnder interferometer with a Dove prism in each arm [22, 23] , but to measure 2 n states requires 2 n -1 interferometers. A modified Mach-Zehnder interferometer can also be described to determine both the angular and radial mode content of scalar optical fields [24] but such systems are known to be sensitive to alignment [24] . Digital holograms are also used to extract the azimuthal modal content of optical fields for the reconstruction of its amplitude, phase and OAM density [25] . Recently it has been demonstrated that two spatial light modulators in conjunction with a lens can be used to convert the OAM state of light to a specified lateral position [26] [27] [28] so that the azimuthal information may be extracted, while leaving the radial component undefined. The approach has been made more efficient by replacing the spatial light modulators with freeform refractive optical components [29] .
In this paper we extend the aforementioned concept to extract the information in both the azimuthal and radial components of Bessel beams. We show that we can identify forty-one OAM states and forty-one radial components of our higher-order Bessel beams, and show the applicability of the approach to measure super-positions of Bessel beams.
Concept and experimental setup
In this work we make use of Bessel beams as our OAM-carrying bases functions, which are characterized by an azimuthal mode index, l, and a radial component, k r , as
Here k r is the transverse wave number and is defined as k r = ksinα, where k = 2π/λ and α is the opening angle of the cone on which the waves propagate. The Fourier transform of the Bessel field is described by an annular ring of radius R,
The radial wavevector is related to the radius of the annular ring as k r = kR/f, where f is the focal length of the Fourier transforming lens. It is these OAM-carrying fields, of differing radial components, whose OAM (l) and radial information (k r ) we wish to measure experimentally. The technique that is employed for the measurement of the OAM spectrum and the radial components of the Bessel beams consists of two freeform optical elements [29] that map a position in an input plane (x,y) to a position in the output plane (v,u) by a conformal mapping [27] [28] [29] arc tan , 2
where the parameter b controls the scaling of the radial component and d is the aperture size of both freeform optics. An initial radial spacing of ∆k r will result in a vertical spread in the signal plane, ∆u, given by
and thus the minimum resolvable feature, δ, constrains the resolvable wavevectors to 2 .
This implies that while ∆k r ≥ ∆ [from Eq. (5)] where ∆ is the width of the resulting annular ring, the system is further constrained by δ which is the smallest resolvable feature in the detector plane [from Eq. (6)]. The range of wavevectors that can be detected is also limited by the aperture size of the second freeform optic, k r ≥ exp(-π)kb/f. In this first step an annular ring of light (Fourier transform of the Bessel beam) is mapped to a horizontal line of fixed width, thus any azimuthal phase variation in the ring transforms into a linear phase variation along the line -a tilt of the phase front. If this inclined phase front is passed through a Fourier transforming lens of focal length f, then a focused spot is produced at an l-dependent horizontal position given by
We note that imaging of the output will return the radial information of the field, which is stored in the vertical off-set of the horizontal line of light:
Thus an optical set-up which images in the vertical axis and Fourier transforms in the horizontal axis will allow the simultaneous measurement of ∆ H and ∆ V and thus the azimuthal and radial information of the field. Such an optical system may be implemented with three cylindrical lenses; a schematic of the concept is given in Fig. 1 with the experimental set-up shown in Fig. 2 . A HeNe laser was expanded through a telescope (lenses L1 and L2) to illuminate the liquid crystal display of a spatial light modulator (SLM) where the Bessel beams were encoded in the far-field [ Fig. 2(b) ] using complex amplitude modulation [30, 31] . The resulting annular rings were propagated through the mode sorter (denoted by optical elements, R1 and R2), where R1 performed a log-polar mapping thus transforming the azimuthal modes to transverse momentum states, while also mapping the radial component. The freeform optics were fabricated from PMMA (Poly methyl methacrylate) to an aperture size of d = 16 mm and a focal length of f = 300 mm, with a scaling parameter b = 0.00477. As an illustration, the conformal mapping of the ring into a line is shown as a video clip (Media 1), which contains experimental images of an annular ring (k r = 2.62 × 10 4 m −1 , l = + 1) propagating between the two freeform optical elements.
Experimental results and discussion
Bessel beams with k r = 2.62 × 10 4 m −1
, having azimuthal orders ranging from l = -20 to + 20 were generated and directed through the mode sorter. An example of one of the Bessel beams possessing an azimuthal order of l = -5 is given in Fig. 3(a) . The unraveled transverse momentum mode at the plane of R2 was focused by a spherical lens having a focal length of f = 250 mm, producing an elongated lateral spot shown in Fig. 3(b) . The position of the spots produced by incoming azimuthal modes ranging for l = -20 to + 20 were measured and are given in Fig. 4(a) . There is very good agreement between the experimentally measured positions (red circles) and the theoretical expected positions (black curve), calculated from Eq. (7). The measurement selectivity corresponds to cross-talk between neighboring modes, given by the off-diagonal elements in Fig. 4(b) . Our results illustrate that OAM states of higherorder Bessel modes can be measured with a similar selectivity as that obtained for LG modes [26] . ) and an example of one of the Bessel beams is given in Fig. 5(a) . In order to simultaneously resolve a range of radial components, the larger of the . The transformed annular ring was imaged onto the CCD, with the use of two spherical lenses and is depicted in Fig. 5(b) . The position of the transformed line shifts vertically as the radius of the annular ring changes and is illustrated in Fig. 6(a) , where the measured position of the transformed annular ring is plotted as a function of k r . Again there is good agreement between the experimentally measured positions (red circles) and the theoretical expected positions (black curve), calculated with the use of Eq. (8) . The error bars decrease as the radial component increases because the width of the transformed line in the detector plane becomes narrower. Similarly in detecting the radial components, apertures in the detector plane were centered on the expected line positions and relative fractions of the radial spectrum for various input modes were determined and are presented in Fig. 6(b) . Likewise, there is a slight overlap of the transformed lines between neighboring radial coordinates. It is evident from Fig. 6 (b) that if this spacing is doubled, the cross-talk between neighboring radial modes will be drastically diminished. Nevertheless, the results of Fig. 4(b) and Fig. 6(b) clearly show that one can extract information stored in both dimensions. Multiple Bessel beams were also directed through the mode sorter and an example of the superposition Bessel beams is presented in Fig. 7(a) . The separation of the two azimuthal and two radial components, when using cylindrical lenses CL1, CL2 and CL3, is depicted in Fig.  7 (b) accompanied with the theoretical prediction, illustrating that the mode sorter is capable of distinguishing super-imposed azimuthal and radial modes. Although there is good agreement between the experimental and theoretical locations of the lateral spots, the shape of the measured lateral spots shows some distortion which could be due to the alignment sensitivity of the cylindrical lenses. The number of azimuthal and radial modes that can be identified can be increased by increasing the aperture size of the freeform optical elements. We tested two different aperture sizes (d = 8 mm and 16 mm) and noted that by doubling the aperture diameter, the azimuthal bandwidth that can be identified increased by a factor of 2. Our results could further be improved by first separating the OAM modes into odd and even ports [22, 23] to decrease cross-talk in the measured spectrum.
Conclusion
We have illustrated the separation of higher-order Bessel beams in both their azimuthal and radial indices. This technique is not only limited to Bessel beams, but it can also be implemented with other optical fields [32] . The ability to extract encoded information across two higher-dimensional state spaces will prove useful in quantum communication and information systems.
